In this paper we study the large time behavior of non-negative solutions to the Cauchy problem of u t ¼ Du m À u q in R N Â ð0; NÞ; where m41 and q ¼ q c m þ 2=N is a critical exponent. For non-negative initial value uðx; 0Þ ¼ u 0 ðxÞAL 1 ðR N Þ; we show that the solution converges, if u 0 ðxÞð1 þ jxjÞ k is bounded for some k4N; to a unique fundamental solution of u t ¼ Du m ; independent of the initial value, with additional logarithmic anomalous decay exponent in time as t-N: r
Introduction
In this paper, we consider the N-dimensional Cauchy problem Our interest is to study the global dynamics of general solution with L 1 -initial data having mild decay as jxj-N: The purpose is to derive the exact spatial-temporal profile of a solution when t-N: When consider an equation like (I) with power-type non-linearity, a typical situation is to show certain type of asymptotic self-similarity determined by simple scaling laws. This is certainly true when the exponent q is not critical, see [8, 9, 13] . But it is not the case here due to the reason that the exponent q with q ¼ q c m þ 2=N; is critical as we explain below.
What makes the present case interesting and challenge is that the exponent q is critical in the sense that the two competing forces, the diffusion and absorption are perfectly balanced and therefore the simple self-similarity (or scaling) possessed by the equation fails to give useful information to the global dynamics. Therefore, the large time behavior of the solution has more delicate structure which cannot be predicated by the simple scaling law.
Let us make our point clear by providing some background details. For simplicity, we shall only expound the semilinear case of m ¼ 1:
Suppose q4q c ¼ 1 þ 2=N; u 0 ðxÞAL 1 ðR N Þ and u 0 ðxÞjxj N -0 as jxj-N: Let u k ðx; tÞ ¼ k N uðkx; k 2 tÞ:
Then, u k satisfies
uðx; 0Þ ¼ k N u 0 ðkxÞ with n ¼ Nðq À 1Þ À 240: That is, the absorption is negligible. Since the L 1 ðR N Þ-norm of initial value of u k is the same as that of u 0 ; jju k ðÁ; 0Þjj 1 ¼ jju 0 jj 1 and k N u 0 ðkxÞ-jju 0 jj 1 dðxÞ as k-N; it is imaginable that u k should converge to a fundamental solution E c ðxÞ of u t ¼ Du with mass c40: Indeed, it was proved in [13] , that t N=2 juðx; tÞ À E c ðx; tÞj-0 as t-N:
But, when qpq c ; the above argument breaks down since n ¼ ðq À 1ÞN À 2p0: This is because the absorption is too strong to be ignored. As a matter of fact, when qoq c ; the large time behavior depends on the more detailed information of the initial value as jxj-N: Indeed, suppose 
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It is easy to see that u k satisfies the same equation as u but the initial value of u k ; when k41; has larger L 1 -norm than u 0 : The large time behavior of u reads as follows:
(i) If A ¼ N (see [13] ), then t 1=ðqÀ1Þ uðx; tÞ-1 q À 1 1=ðqÀ1Þ
as t-N uniformly in the set of the form S C ¼ fxAR N : jxjpCt 1=2 g; where C40 is a constant.
(ii) If A ¼ 0 (see [8, 9] ), then t 1=ðqÀ1Þ juðx; tÞ À W 0 ðx; tÞj-0 as t-N;
uniformly in the set of the form S C ; where W 0 ðx; tÞ is the unique very singular solution of u t ¼ Du À u q : (iii) If 0oAoN (see [9] ), then t 1=ðqÀ1Þ juðx; tÞ À W A ðx; tÞj-0 as t-N; uniformly in the set of the form S C ; where W A ðx; tÞ is the unique self-similar solution of u t ¼ Du À u q with asymptotics Similar results to the above hold for both mo1 and m41; see [6, 15, 18] . To see why the arguments for qaq c fails for q ¼ q c ; we look at the case of q4q c and that of qoq c separately.
If we guess the argument for q4q c is true for q ¼ q c ; it leads us to the obvious but not very useful conclusion: u converges to a fundamental solution of the same equation ðn ¼ 0Þ: But, we know [1] that there exists no non-trivial fundamental solution when q ¼ q c : Hence, we may guess u k -0 as k-N and we are led to believe The results for qoq c also fails to extend to include the q ¼ q c case, since 2=ðq c À 1Þ ¼ N; and u 0 satisfying (1.1) with A40 is not in L 1 ðR N Þ: Whereas the basic setup for qoq c is u 0 in L 1 ðR N Þ: Nevertheless, together with our discussion of q4q c ; it tells us something useful. In particular, it indicates that the decaying rate of jjuðÁ; tÞjj 1 cannot be of the form t Àð1þdÞ for any d40: This subtlety seems to suggest that the additional decay should be a lower order term, like a power of log t; which is the key in determining the exact decay of L 1 -norm and the asymptotic behavior of solutions for large time. Indeed, the first sharp lower bound involving log t is derived by Gmira and Veron [13] for the m ¼ 1 case. Later on, Galaktionov et al. [11] , obtain the large time behavior of solutions of (I) for m ¼ 1 under a very special assumption that initial value satisfies u 0 ðxÞ ¼ oðexpðÀdjxj 2 ÞÞ as jxj-N for some d40: The case of m41 is considered by Galaktionov and Vazquez [12] under the assumption that u 0 has a compact support. In their approach, the construction of super-solution or the derivation of a sharp a priori estimate is valid only when the initial value has a compact support. To our best knowledge, the only works which deal with the general initial value are that of Bricmont et al. [14] , where the method of renormalization group has been used successfully to obtain asymptotic behavior of (I), and a recent work of Herraiz [14] . Both works are on m ¼ 1: The work of Herraiz covers much wider class of initial data than that of Bricmont et al., since the latter is a perturbation type argument and the former a more classical type of hard analysis. But it is interesting to note that the method of renormalization group is very powerful which enables the authors of [3] [4] [5] to study a wide range of parabolic equations and prove outstanding results. But it seems very hard to generalize that approach to the porous media case.
The key to our approach (I) is to obtain sharp a priori estimate through the construction of suitable super-solutions, and then use maximum principle. But due to the reason that the equation is quasilinear, the detailed analysis is more involved than the semilinear case of m ¼ 1: Another complication is that the limiting spatial-temporal profile is a unique one, independent of initial value. In addition, since it is of compact support, there is no way to construct a supersolution using no other function than itself to bound a solution with non-compact initial value.
The main result of this paper is the following theorem: 
That is,
þ with a Ã being uniquely determined by the property, among fGðx; aÞg a40 ; that Remark. Another novelty is the appearance of additional logarithmic terms both in the decay of solution in time and also the spatial-temporal profile of the limiting function. In particular, the logarithmic anomalous exponent in ðlogtÞ 1=ðqÀ1Þ is the work of subtle balance between diffusion and absorption, the hallmark of the critical exponent case under consideration.
Remark. On a more technical ground, the exact value of a Ã is calculated painstakingly in [12] as
where Bða; bÞ is the b function. For m ¼ 1; the unique G is given explicitly by
We use aÃ to denote the constant
The organization of this paper is as follows. In Section 2 we prove Theorem 1. In Section 3, we present a new proof for m ¼ 1: In Section 4 we show how to generalize our result to more general equations and make a few remarks.
Proof of Theorem 1
The key here is to construct a suitable super-solution and then use the maximum principle to obtain a sharp upper-bound. For final convergence analysis, we use the elegant and simple dynamical system argument in [12] to prove the desired result, rather than resort to a somewhat equivalent argument.
To simplify our calculation, we start by making a variable transformation
Then the equation for v is
We shall construct our super-solution using (2.1) rather than the original equation. 
Proof. We assume s40: It is easy to calculate that if a À c 0 z 2 s=ðb þ sÞ40; 
ð2:3Þ
To prove A is a super-solution, we only need to show IðAÞX0 when a À c 0 z 2 s sþb 40:
Now, we fix b ¼ 2k=c 0 ðp À 1Þ: We show that if a is chosen to be larger than some aðm; NÞ; the lemma holds.
Since ðsðb þ 1Þ þ bÞ=ðs þ bÞob þ 1; cðm; qÞ 2
if a is suitably large. By the inspection of (2.3), we see that IðAÞ40 when s4s 1 ðm; q; nÞ: Case 2: a=koc 0 z 2 s=ðb þ sÞoa: In this case, we shall use the second term in (2.3) to bound the first term. Note that 2ðm À 1Þc 0 N ¼ 1=ðp À 1Þ; 
Here every term with overbar ''À'' is the original term times ½ðT þ tÞlogðT þ tÞ À1=ðpÀ1Þ : Regrouping the terms and replacing ð % A þ f Þ p by % A p , we have
where
We now consider different ranges of z:
Jðz
Àts
by Lemma 1. If we choose a a large number such that aXE þ 1; Jðz; sÞ40 for s4s 1 ðm; N; tÞ:
Next we consider the case where z4C: It is easy to see that
if sXs 2 ðN; m; tÞ: Furthermore,
where D 1 ¼ D 1 ðN; m; b; CÞ: Similarly, Hence,
if sXs 4 ðm; N; tÞ: Thus, the function w is indeed a super-solution. & Now, we come to the final ingredient of our proof-the dynamical system setup of [12] . For completeness and easy reference in our proof of Theorem 1, we describe briefly the setup in [12] by stating the key Theorem 3 there as follows.
Suppose a general dynamical system is given by the evolution equation
and a perturbation by u t ¼ Bðt; uÞ: ð2:8Þ
Theorem 3 (Galaktionov and Vazquez [12] ). The o-limit sets for the solution of (2.8) in the class F are contained in the o-limit sets O for the solution of (2.7) under assumption (H1)-(H3) below. Consequently, the orbits approach uniformly O as t-N:
(H1) The class F of solutions uACð½0; NÞ : X Þ of (2.8) is defined for t40 with values in a complete metric space X (with distance d). The assumption is that the orbits fuðtÞg t40 are relatively compact in X : Moreover, if u t ðtÞ ¼ uðt þ tÞ; t; t40;
then we assume the sets fu t g t40 are relatively compact in L N loc ð½0; NÞ : X Þ: (H2) B is a small perturbation of A in the sense that given a solution uAF of (1.8), if for a sequence ft j -Ng; uðt þ t j Þ converges to a function vðtÞ in L N loc ð½0; NÞ : X Þ as j-N; then v is a solution of (2.7). (H3) The o-limit set of (2.7) in X ; O ¼ f f AX : (uACð½0; NÞ : X Þ solution of ð2:7Þ and a sequence t j -N such that uðt j Þ-f g is non-empty, compact and uniformly stable in the sense that for every e40; (d40 such that if u is any solution of (2.7) with dðuð0Þ; OÞpd then dðuðtÞ; OÞpe for every t40:
Proof of Theorem 1. The proof is based upon the observation that with the sharp upper bound in Lemma 2, the argument in [12] , in particular the Theorem 3 there is valid for our situation.
We start by making a variable transformation. If uðx; tÞ is a solution of (I), then, for any T40; denoting s ¼ logðT þ tÞ; vðy; sÞ ¼ ððT þ tÞlogðT þ tÞÞ À1=ðqÀ1Þ uðx; tÞ; y ¼ x ðT þ tÞ 1=NðqÀ1Þ log ð1ÀmÞ=2ðqÀ1Þ ðT þ tÞ is a solution of 
The compactness of solution orbit fvðsÞg sXM of (2.9) in L 1 ; with M a fixed positive number, follows from interior regularity (cf. [2, 7] ) and the uniform bound (2.10). Furthermore, the family is compact in CðB R Þ for any R40: Moreover, let v t ðsÞ ¼ vðs þ tÞ; sXM and t40: The fact that the set fv t g t40 is relatively compact in L N Loc ð½0; NÞ : Y Þ follows from the same reasoning. This verifies (H1) in Theorem 3 of [12] .
It is clear that given a solution vAF; if for a sequence ft j -Ng; vðt þ t j Þ converges to a function wðtÞ in L N Loc ð½0; NÞ : Y Þ as j-N; then w is a solution of (2.12) and wðtÞACð½0; NÞ; X Þ as a consequence of estimates (2.10) and (2.11). This validates (H2) in Theorem 3 of [13] . Assumption (H3) is automatically satisfied, see [12] .
Hence, by Theorem 3 in [12] , the o-limit set of (2.9) is contained in O: Now we show vðy; sÞ-Gðy; a Ã Þ uniformly in y as s-N under the assumption that jjvðÁ; sÞjj 1 -I 0 40 as s-N: This is the content of Lemma 5.1 in [12] . Our case is only slight different from the proof of Lemma 5.1 in [12] , which is caused by v not having a compact support. But, again, (2.10) assures that vðy; sÞ-0 uniformly outside B as s-N: Therefore, the exact argument in Lemma 5.1 in [12] applies.
The convergence of jjvðÁ; sÞjj 1 as s-N can be demonstrated using the compactness of orbit fvðsÞg sXM in CðBÞ and the rapid decay to zero outside B by Lemma 2. We refer the interested reader to Proposition 5.2 in [12] . This completes the proof of Theorem 1. &
Remark. An interesting fact which comes out of our proof of Theorem 1, in particular out of the super-solution we constructed is that the algebraic decay in space of the initial value does have a material effect in the convergence rate of the solution to the limiting profile. More specifically, the convergence rate is proportional to K À N; where K is the decay rate of initial value at jxj ¼ N: There is an apparent slow down of the convergence when K is close to N: This may explain again why our case is much more involved than the case when the initial value is of compact support.
The semilinear case of m ¼ 1
In this section, we present a new proof for the semilinear case m ¼ 1 of (I). Our contribution here is a more transparent demonstration how a super-solution can be constructed after the equation is transformed by a self-similar change of variable, and by taking advantage of the structure of the transformed equation. Another benefit is our result applies to more general initial data than the known results. as t-N uniformly in set of the form fxAR N : jxjpCt 1=2 g; where GðxÞ is the unique, radially symmetric solution of
As in the case of m41; the crucial step is to construct a suitable super-solution with sharp bound. First, we make a change of variables. Let
; vðy; sÞ ¼ ½ðT þ tÞlogðT þ tÞ 1=ðqÀ1Þ uðx; tÞ;
then we obtain the equation for v as:
It is easy to see that a super-solution to (3.14) is one satisfying IðvÞX0:
We construct a super-solution in the form of Simple calculation shows
17Þ
From now on, we assume f is radial, and consider the following equation for f : 
The first assumption we make on G is:
It is clear that (r 2 40; independent of M; such that
Hence, f 0 40 for all r4r 2 ; since the right-hand side of (3.20) has a limit equal to zero as r-N: An integration of (3.20), after being divided by r NÀ1 C shows It is easy to show that the right-hand side has a limit which equals to I M : Therefore, for r4r 3 ; where r 3 is independent of M: Given the form of the super-solution we try to construct and (3.17), which now takes the form
it is very important to compare f C with GðrÞ: By (A1),
Consequently,
This, in combination of (3.21), shows 
; or r4r M ; where r M -N as M-N: Hence, pvðy; sÞ ð 3:25Þ
for all sXs 0 ; where m40: From now on, we concentrate on solutions with fixed K4N and their bounds in (2.10) and (2.11) are given by fixed C; m40 with 0omoE: Let
It is well known that the o-limit set of unperturbed equation
with initial value v 0 AX is ae
with the same L 1 -norm as v 0 : This is because (3.26) is nothing but the self-similar transformed heat equation u t ¼ Du: Therefore, o-limit sets with initial value in X is:
which is clearly a compact set, and asymptotically stable because the L 1 contraction of heat equation. Hence, (H3) holds.
Let F be the class of functions vACð½0; NÞ; Y Þ; where
The compactness of solution orbit fvðsÞg sXM of (3.14) in L 1 ; with M a fixed positive number, follows from interior regularity and the uniform bound (3.24). Furthermore, the family is compact in CðB R Þ for any R40; Moreover, let v t ðsÞ ¼ vðs þ tÞ; sXM and t40: The fact that the set fv t g t40 is relatively compact in L N Loc ð½0; NÞ : Y Þ follows from the same reasoning. This verifies (H1) in Theorem 3 of [12] .
It is clear that given a solution vAF; if for a sequence ft j -Ng; vðt þ t j Þ converges to a function wðtÞ in L N Loc ð½0; NÞ : Y Þ as j-N; then w is a solution of (3.26) and wðtÞACð½0; NÞ; X Þ as a consequence of estimates (3.24) and (3.25) . This validates (H2) in Theorem 3 of [13] .
Hence, by Theorem 3 in [12] , the o-limit set of (3.14) is contained in O: Now we show vðy; sÞ-G Ã ðyÞ (as given in (1.6)) uniformly in y in any finite ball B R with radius R40; as s-N under the assumption that jjvðÁ; sÞjj 1 -I 0 40 as s-N; where I 0 is the L 1 -norm of G Ã ðyÞ:
Since O consists functions of the form of H a ae Àjyj 2 =4 ; there is a unique a with the property that its L 1 -norm is the given limit I 0 : Therefore, vðy; sÞ-G Ã ðyÞ as s-N: The uniform convergence in any finite ball B R follows from (3.24) and regularity, and thus equi-continuity of solutions.
We now show the convergence of wðsÞ jjvðÁ; sÞjj 1 to I 0 as s-N: Suppose the contrary, then there exist sequences s j -N and % s k -N such that vðy; s j Þ-H a 1 and vðy; % s k Þ-H a 2 uniformly in any finite ball B R as j; k-N; where a 1 aa 2 : Since jjH a 1 jj 1 and jjH a 2 jj 1 must be different, then one of them is different from a Ã :
Suppose a Ã oa 2 ; a 1 oa 2 : Fix an arbitrary a 0 Aða 1 ; a 2 Þ; a 0 4a Ã : Then, by the continuity of wðsÞ and its oscillatory property near s ¼ N there exists a sequence s 
Extensions and remarks
Though it seems that the scaling invariant property of power non-linearities is essential to our approach, the result of Theorem 1 can be extended to equations which are small perturbation of Eq. (I). For instance, consider the equation and there exists M40 and K4N such that u 0 ðxÞpMð1 þ jxjÞ ÀK : It is well known from the works of Kalashnikov and Kersner [16, 17] that there exists a unique solution uACð½0; NÞ : L 1 ðR N ÞÞ under our assumption of f and our initial value. Moreover, one can deduce from the non-negativity of f and the Maximum Principle that such a solution is bounded above by the solution of u t ¼ Du m with the same initial data. In consequence, u will decay as t-N with at least the rate In summary, we get the following result.
Theorem 3. Let u be a solution of (4.27) with the initial condition as specified above. In addition, suppose 
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Remark. it is clear that if the above limit is C40; then a result which is a simple scaling of Theorem 1 is valid. It is probably more interesting to study how the perturbation of diffusion term will affect the underlying result. For example, a good candidate will be the equation u t ¼ DfðuÞ À f ðuÞ with f a small perturbation of u m : We believe the analysis will be more involved.
Another interesting extension is to consider the P-Laplacian counterpart of (I):
u t ¼ divðjruj pÀ2 ruÞ À u q with p42 and q ¼ p À 1 þ p=N: The case of initial value with compact support is considered in [12] . But to cover more general situation with non-compact-support initial value with moderate decay as jxj-N; which is sufficient to guarantee L 1 -integrability but not much more, to derive a sharp estimate similar to one in (2.10) is the key. But to our best knowledge, such work has not appeared. We are sure it can be worked out, but the calculation seems to be formidable.
